Abstract. We prove a general criterion to establish existence and uniqueness of a short-time solution to an evolution equation involving "closed" sections of a vector bundle, generalizing a method used by Bryant and Xu [8] for studying the Laplacian flow in G2-geometry. We apply this theorem in balanced geometry introducing a natural extension of the Calabi flow to the balanced case. We show that this flow has always a unique short-time solution belonging to the same Bott-Chern cohomology class of the initial balanced structure and that it preserves the Kähler condition. Finally we study explicitly the flow on the Iwasawa manifold.
Introduction
The notion of balanced metric on a complex manifold has been introduced by Michelsohn in [25] . Given a complex manifold M n , a balanced metric g on M is a Hermitian metric whose fundamental 2-form ω satisfies for every f ∈ C ∞ (M, C) (see [14] ). An important feature of the balanced category is that, in the compact case, it is stable under modifications (see [3] ). This means that a modification F :M → M of a compact balanced manifold always admits a balanced metric; in particular modifications of compact Kähler manifolds admit balanced metrics when they do not admit any Kähler metric. From the viewpoint of special connections, a Hermitian metric is balanced if and only all the canonical Hermitian connections (according to the definition introduced by Gauduchon in [15] ) have the same Ricci forms (see [17] ).
Balanced metrics are mainly interesting on compact manifolds non-admitting Kähler structures. Nilmanifolds (or more generally solvmanifolds) provide examples of such spaces (see e.g. [1, 34] ). In particular, the Iwasawa manifold has balanced metrics and can be considered as a fundamental example. An important class of examples is given by 6-dimensional twistor spaces, since the canonical Hermitian metric of the twistor space of an anti-self-dual 4-dimensional Riemannian manifold is always balanced (see [25] ) and by torus bundles over Riemannian surfaces. More examples of balanced manifolds have been obtained in [13] by considering conifold transitions of Calabi-Yau threefolds; these last examples include balanced structures on the connected sum of two or more copies of S 3 × S 3 .
In this paper we focus on parabolic flows involving balanced metrics. Our idea consists in a generalization of the Calabi flow to the balanced case. The Calabi flow is an important flow in Kähler geometry which arises as the gradient flow of the Calabi functional
when it is restricted to the the Kähler cone of an initial Kähler metric ω 0
where s ω is the scalar curvature of the metric ω (see [9] ). The flow has the following equation ∂ ∂t ϕ(t) = i∂∂ * t (ρ t ∧ * t ϕ(t)) ϕ(0) = ϕ 0 , where ρ t is the Ricci form of ϕ(t) and ϕ 0 = * ω 0 ω 0 . Flow (1.3) still makes sense in the balanced case when we replace ρ t with the Ricci form of the Chern connection. But it turns out that (1.3) is not still parabolic when it is extended to the context of balanced metrics and because of this reason we modify of (1.3) in the balanced case as follows. Let M be an n-dimensional complex manifold and ϕ 0 be a positive closed (n − 1, n − 1)-form on M . We consider the following flow of balanced structures ϕ on M
where
is the modified Bott-Chern Laplacian and * t and ρ t are the Hodge operator and the Chern Ricci form induced by ϕ(t). The modified Bott-Chern Laplacian is an elliptic 4-order operator whose kernel describes the Bott-Chern cohomology of a Hermitian manifold. The Bott-Chern cohomology is defined as
and plays an important role in non-Kähler complex geometry. Flow (1.4) can be seen as a flow of G-structures with torsion. Flows of this kind have been largely studied in the last few years (see for instance [7, 16, 18, 23, 24, 28, 29, 30, 32, 33, 36, 37, 38, 39] ). We will prove the following It turns out that the flow (1.4) is parabolic in a suitable sense when restricted to the space of balanced structures of a complex manifold. From this point of view (1.4) is analogous to the Laplacian flow introduced by Bryant in [7] in G 2 geometry. Following the approach of BryantXu in [8] we prove a general criterion to establish short-time existence and uniqueness of the solution of an evolution equation involving "closed " sections of a vector bundle (see theorem 3.2 in section 3). The proof of theorem 1.1 is then obtained as an application of our theorem 3.2.
In the last section of the paper we study the flow on the Iwasawa manifold computing an explicit solution.
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Note that
where we emphasise the dependence of * on the choice of the metric, and let
+ ) be the set of positive (n −1,n −1)-forms. It is well known that L is a diffeomorphism onto its image (see [25] ). Now let us fix ω ∈ Λ 1,1
is the set of primitive (1,1)-forms. In the same way Λ n−1,n−1 splits as
where ϕ = * ω and Λ n−1,n−1 0
The following is an algebraic lemma which will be useful in the sequel. The proof is a straightforward computation.
In
2.2. Balanced structures on complex manifolds. Let M n be a complex manifold. We denote by Λ r,s the bundle of complex forms of type (r, s) on M and by C ∞ (M, Λ r,s ) the vector space of its smooth sections. Following the notation of the previous subsection, the following fiber bundles on M are naturally defined Λ . For the geometry of balanced manifolds we refer to [25, 2, 3, 12, 13, 31, 26] and the references therein. Remark 2.2. We remark that if the fundamental form ω of a Hermitian metric g on an ndimensional complex manifold satisfies dω k = 0, for some k < n − 1, then ω is closed and g is a Kähler metric. Therefore from the point of view of the powers of ω, the balanced condition is the unique possible generalization of the Kähler one. On the other hand, another important generalization of Kähler structures is given by SKT metrics which are defined as Hermitian structures whose fundamental form is ∂∂-closed. As remarked in [4, 11] balanced and SKT structures are two generalizations transverse to each other since a balanced structure is also SKT if and only if it is Kähler.
2.3. The Chern connection. Given a Hermitian manifold (M, g, J), the Chern connection is defined as the unique Hermitian connection ∇ whose torsion has vanishing (1, 1)-component. This connection is canonical according to the terminology introduced by Gauduchon in [15] and has an important role in complex geometry. In the Kähler case it coincides with the Levi-Civita connection. The curvature tensor R of ∇ is defined as usual
Moreover it is defined the Chern Ricci form
where {e k } is an arbitrary orthonormal frame. In complex notation we can write
Finally we denote by s = g kl ρ kl the scalar curvature of ∇.
2.4.
Bott-Chern and Aeppli cohomology complexes. On a complex manifold (M, J) beside the standard de Rham and Dolbeault theory, two more cohomology complexes are worth to be considered. The Bott-Chern cohomology groups are defined as
while the Aeppli cohomology groups are [5, 10, 6, 27] . As in the case of de Rham cohomology groups, when M is compact, BottChern and Aeppli cohomology groups are isomorphic to the kernel of suitable linear differential operators acting on forms. More precisely, as soon as a Hermitian metric is fixed on M we can define the modified Bott-Chern Laplacian (see [27] )
and the modified Aeppli Laplacian
They both are fourth order elliptic operators on C ∞ (M, Λ p,q ) and define a Hodge-like decomposition. We will need just the decomposition induced by ∆ A .
Theorem 2.3 ([27]
). If (M, g, J) is a compact Hermitian manifold then we have the following orthogonal decomposition for every (p, q)
The following proposition is an important step in the proof of theorem 1.1.
Proposition 2.4. Let G A be the Green operator associated to the modified Aeppli Laplacian. Then for every ψ ∈ ∂∂ C ∞ (M, Λ p,q ) we have
Proof. Let ψ ∈ ∂∂Λ p,q . Bearing in mind the Aeppli decomposition we can write
In particular we have
Thus finally
as required.
Families of balanced structures.
Here we consider a smooth 1-parameter family ϕ in
) and compute the derivative of * ϕ ϕ which will be useful when we will study flows of balanced structures.
. (Here and in the rest of the proof the symbol * will always stand for * ϕ ). Recalling that
we can compute
Using lemma 2.1 we get
Flows of closed sections of vector bundles
The Laplacian flow has been introduced in [7] as a natural tool for studying closed G 2 -structures. In [8] Bryant and Xu proved that the solution to the Laplacian flow of G 2 -structures exists and is unique in a short interval of time. The proof of this result was obtained in [8] by the following two steps: the first step consists in applying a sort of De Turk's trick to the Laplacian flow in order to have a new flow which is parabolic along the direction of closed G 2 -structures and it is equivalent to the initial one; the second step consists in applying some analytic techniques introduced by Hamilton for studying parabolic equations in order to prove the result for the new flow.
The aim of this section is to give a generalization of the second part of the Bryant-Xu proof mentioned above to the general case of a parabolic evolution equation associated to an operator acting on fiber bundles.
3.1. Flows on compact manifolds. Let us consider the following Definition 3.1. A Hodge system on a manifold M consists of the following sequence
where E − and E are fiber bundles over M with an assigned metric along their fibers, D is a differential operator, D * is the formal adjoint of D and ∆ D is an elliptic operator such that
We have the foremost example of Hodge system taking Consider a Hodge system on a compact manifold M as in the previous definition. Let A be an open subset of E such that π(A) = M , where π : E → M is the projection and assume to have a non-linear partial differential operator of order 2m
It will be convenient to think of L as extended in the trivial way to time-dependent sections of A. Then consider the evolution problem
where the solution ϕ(t) is sought in the space
and is required to depend smoothly on time. Notice that problem (3.4) makes sense because of condition (3.3). Let D 2m (E, E) denote the space of partial differential operators on E of order ≤ 2m. Recall that D 2m (E, E) can be seen as the space of smooth sections of a vector bundle (see e.g. [19] ) and that a linear partial differential operator Q of order 2m is said to be strongly elliptic if its principal symbol σ Q (x, ξ) satisfies the following inequality
for some positive constant λ and for all (x, ξ) ∈ T M , ξ = 0 and v ∈ E x (The definition actually does not depend on the metric ·, · E along the fibers of E). Here the principal symbol of Q is defined by
Now we can state the following:
Let L, ϕ 0 and U be as above. Assume that there exists a nonlinear partial differential operator
2. L * |ϕ (ψ) =L ϕ (ψ) for every ϕ ∈ U and ψ ∈ DC ∞ (M, E − ). Assume further that L * |ϕ (Dθ) = Dl ϕ (θ) . for every θ ∈ C ∞ (M, E − ), where l ϕ is a strongly elliptic linear differential operator on E − . Then there exists ǫ > 0 such that the system (3.4) has a unique solution ϕ ∈ C ∞ ([0, ǫ), U ).
3.2. The Laplacian flow for G 2 -structures. In order to clarify our notation, it is useful to describe the objects involved in proposition 3.2 in the case of the Laplacian flow for G 2 -structures studied in [8] . In the G 2 -case one has: A compact 7-manifold M admitting closed G 2 -forms.
A is the open set of Λ 3 whose global sections are G 2 -structures on M and ϕ 0 is a fixed closed section of A. Furthermore U is the set of G 2 -structures lying in the cohomology class of ϕ 0 and
is the operator
where ∆ ϕ is the standard Hodge Laplacian operator of the metric induced by ϕ and ξ(ϕ) is a suitable vector field depending on the torsion of ϕ. Finallỹ
where ϕ ∈ U and Φ ϕ is a suitable algebraic linear operator with coefficients depending on the torsion of ϕ in a universal way.
Remark 3.3. In the same way the modified coflow of G 2 -structures considered in [18] can be described in terms of the general setting of theorem 3.2.
Proof of theorem 3.2
We need some preliminaries about the function spaces that will be needed in the proof of theorem 3.2.
4.1. Tame Fréchet spaces and tame maps. Here we recall some basic facts about tame Fréchet spaces and tame maps. For a detailed description of these topics we refer to [19] .
A tame Fréchet space is by definition a vector space V endowed with an increasing countable family of seminorms {| · | n }. The family {| · | n } gives a topology on V by defining a sequence {x n } ⊆ V convergent if it converges in each seminorm. A continuous map F : (V, |·| n ) → (W, |·| ′ n ) between two tame Fréchet spaces is called tame if any x ∈ V has a neighborhood U x such that
for every y ∈ U x and n > b. Here b,r and C n are allowed to depend on the neighborhood. A differentiable map is called smooth tame if all its derivatives are tame maps. The next result is known in the literature as the Nash-Moser theorem.
Theorem 4.1 (Nash-Moser). Let F, G be tame Fréchet spaces and let U be an open set of F. Consider a smooth tame map F : U → G such that the first variation of F , F * |f : F → G, is an isomorphism for every f ∈ U and such that the map V F : U ×G → F defined as V F (f, g) = F −1 * |f g is smooth tame. Then F is locally invertible with local inverses smooth tame.
Tame Fréchet spaces and sections of fibre bundles.
Here we introduce the tame Fréchet spaces we want to consider. Let M be a compact manifold and let π : E → M be a vector bundle over M with a metric along its fibres. Then the space C ∞ (M, E) of global smooth sections of E inherits a natural structure of tame Fréchet space defining |e| n as the L 2 norm of e and its covariant derivatives up to degree n. Fix now a real number T > 0 and consider the space of time-dependent partial differential operators P :
, E) of degree less than or equal to r. This space is tame Fréchet with respect to the grading
where [P ] n is the sup of the norm of P and its space derivatives up to degree n. Furthermore the space C ∞ ([0, T ] × M, E) of curves of smooth sections of E is a tame Fréchet space with respect to the grading
where for every time-dependent section f of E we put
. Now we are ready to prove theorem 3.2.
Proof of theorem 3.2. Let us put
and consider the evolution problem
If β is a solution of (4.2) then ϕ = ϕ 0 + β is a solution of (3.4). Let us consider the map
The proof mainly consists in the application of the Nash-Moser inverse theorem to F .
The derivative of F at β is the linear map F * |β : F → G given by
In order to apply the Nash-Moser theorem, we have to show that the spaces F and G are tame Fréchet with respect to the gradings · n and · n + | · | n , respectively. Here is where condition (3.2) plays a role. Indeed, the Green map G of ∆ D is smooth tame in view of theorem 3.3.3 of [19] and then F is a direct summand of C ∞ (M × [0, T ], E − ) which is a tame Fréchet space with respect to · n . Therefore F is a tame Fréchet space being a direct summand of a tame Fréchet space (see [19, lemma 1.3.3, p. 136] ). The same argument can be used to show that DC ∞ (M, E − ) is a tame Fréchet space with respect to | · | which implies that (G, · n + | · | n ) is tame Fréchet.
Moreover, F * |β is bijective for every β ∈ U . This can be showed as follows:
By hypothesis L * |ϕ 0 +β is the restriction of the strongly elliptic operatorL ϕ 0 +β on C ∞ (M, E) and therefore for every β the only solution of the last system is ψ ≡ 0 by uniqueness of solutions to linear parabolic systems. Now we show that F * |β is surjective. Equation F * |β (ψ) = (χ, χ 0 ) can be written as
We can write ψ = Dθ and χ = Dη, χ 0 = Dη 0 so that system (4.3) writes as
Using hypothesis 3, this may be written as
Since l ϕ 0 +β is by hypothesis strongly elliptic, the system
has a unique solution for every η 0 . This implies that F * |β is surjective.
The next step consists in showing that the family of the inverses
is the unique solution to (4.3). Since equation (4.3) is parabolic we have
for a map S which is tame in the gradings · n + | · | on (χ, χ 0 ) and |[·]| n onL ϕ 0 +β . This fact is again a consequence of the ellipticity of L and will be proved in the next section. Now we can write
: β → ϕ 0 + β and Id : G → G is the identity. Hence V F is a smooth tame map since it is a composition of smooth tame maps. Now we can apply the Nash-Moser theorem to F obtaining that F is a locally invertible map whose local inverse is also a smooth tame map. This implies that if equation
has a solution β ∈ U , then for every (χ, β 0 ) sufficiently close to (χ,β 0 ) the equation 
4.3.
Tame smoothness of families of solutions. Let M be a compact manifold and let E be a smooth vector bundle over M . Let P :
be a smooth family of strongly elliptic partial differential operators of order 2m involving only space derivatives whose coefficients are smooth functions of both space and time. Consider the parabolic equation
where h is a smooth section of E depending on t. It is well known that equation (4.4) has a unique solution f ∈ C ∞ (M × [0, T ], E) having initial condition f 0 at t = 0: we denote it by f = S(P, h, f 0 ) .
The goal of this section is to justify the following proposition which plays a major role in the proof of theorem 3.2: Proposition 4.2. Let f = S(P, h, f 0 ) be the solution of equation (4.4) having initial condition f 0 at t = 0. In the open set where P is strongly elliptic the solution S is a smooth tame map in the gradings · n on f , h and | · | n on f 0 and |[·]| n on P .
For m = 1, proposition 4.2 is a consequence of theorem 6.2 of [20] (see also [8] ). For m > 1 things work much in the same way and the proof can be obtained combining the standard theory of parabolic equations with some devices described in [19] . Anyway, for reader's convenience, we write down some details in order to show how things work, following the Hamilton's proof of theorem 6 of [20] .
The starting point is the following standard a priori estimate for the solution of the evolution equation (4.4) (see for example [22] for the scalar case). Theorem 4.3. If f = S(P, h, f 0 ) there exists a constant C depending on P such that
Fix now an elliptic operator P and consider the operators P in a neighborhood [P − P ] 0 ≤ δ. If δ > 0 is small enough then P is again strongly elliptic. 
for a constant C independent of P .
Proof. If f = S(P, h, f 0 ), then f is also a solution of the evolution equation
Applying theorem 4.3 to the fixed operator P we have
which implies the result.
Lemma 4.5. For all solutions f = S(P, h, f 0 ) with P in the δ-neighborhood above and every k ≥ 0 there exists a constant C such that
Proof. The proposition is obtained by induction on k. The starting step k = 0 is
which is ensured by lemma 4.4. Assume that the estimate holds up to some k and let f be a solution to (4.4) with initial condition f 0 at t = 0. We will let v denote the sum over a finite number of vector fields which span the tangent space at each point of M . This is possible since M is supposed to be compact. Now choosing an arbitrary connection ∇ on E we have
Therefore in order to prove the statement, we need to estimate the space derivatives of f . For every vector field v, the section ∇ v f gives the solution to the parabolic evolution equation
and by the inductive assumption we have
Using the following interpolation estimates
we reduce to
On the other hand taking the inductive assumption on f , multiplying by [P ] 1 and using again interpolation we have
By interpolation we have
therefore (4.6) reduces to
which yields an estimate for the first terms of the right hand side of (4.5). The second term [P ] k+1 |f | 2m is readily estimated by means of
) and the claim follows.
The last step is the estimate for time derivatives.
Lemma 4.6. For all solutions f = S(P, h, f 0 ) with P in the δ-neighborhood above and every k ≥ 0 there exists a constant C such that
Proof. We will estimate the quantity |(∂/∂t) j f | k+2m−2mj by induction on j. For j = 0 we can use lemma 4.5. Assume then to have up to some j
and by interpolation we get
which implies the statement.
5. Proof of theorem 1.1
We apply theorem 3.2 to the Hodge system we describe below. We consider
R is the bundle of real (p, p)-forms; the subset U is the set of smooth sections of Λ n−1,n−1 + lying in the same cohomology class as ϕ 0 and
We prove that for every closed ϕ in
where Φ ϕ is a linear algebraic operator on ψ with coefficients depending on the torsion of ϕ in a universal way. In particular this shows that L * |ϕ is the restriction of a strongly elliptic operator to closed (n − 1, n − 1)-forms, since it has the same symbol as (1 − n)∆ BC which is strongly elliptic.
As recalled in section 2.3, the curvature form ρ of the Chern connection of a Hermitian manifold (M, ω, J) may be locally written as ρ = iρ kl dz k ∧ dz l where
G being the determinant of the matrix g = g ij . In the followingα will denote the derivative with respect to time of the tensor α.
Lemma 5.1. The derivative of ρ isρ
where (·, ·) denotes the pointwise scalar product of (1, 1)-forms.
we getρ
Now it is enough to observe that
We write the operator L as L = P + Q where P (ϕ) = i∂∂ * (ρ ∧ * ϕ) , Q(ϕ) = (n − 1)∆ BC (ϕ) and compute the first derivative of P and Q separately. Let ψ = d dt ϕ be a tangent vector to U at ϕ. Then we can write ψ = h 1 ϕ + * h 0 where h 1 is a smooth function on M and h 0 is a section of Λ 1,1 0 . Note that
The derivative of P is now obtained using lemma 5.1:
where Φ 1 is an algebraic operator depending on ϕ in a universal way.
As for the derivative of Q, using lemma 2.5 we have
for a suitable linear zeroth order operator Φ 2 . Summing up we have
On the other hand using that ψ is closed we have
and therefore
Hence equation (5.1) is established. In order to verify the last hypothesis of theorem 3.2 let us consider
where ∆ A is the modified Aeppli Laplacian defined in section 2.4. Here it is enough to recall that −∆ A is strongly elliptic and ∆ BC (∂∂θ) = ∂∂ (∆ A θ) for every form θ.
The last step of the proof consists in showing that if ϕ 0 is the (n − 1, n − 1)-positive form of a Kälher structure, then the solution ϕ 0 + β(t) to (1.4) corresponds to a family of Kähler forms ω(t) solving the Calabi flow. Let (M, J, ω 0 ) be a compact Kähler manifold and let ω(t) be a solution to the Calabi flow
where s t is the scalar curvature of metric ω(t). Since in the Kähler case the Levi-Civita and the Chern connection coincide, we can consider s as the scalar curvature of the Chern connection.
and using (5.2) we get
Lemma 5.2. Let (M, J, ω) be a Kähler manifold. Then the following identity holds 1 (n − 2)! i∂∂ s ∧ ω n−2 = i∂∂ * (ρ ∧ * ϕ) , where ϕ = * ω and s and ρ are the scalar curvature and the Ricci form, respectively.
Proof. The proof of this lemma is a straightforward computation taking into account that ρ and ω are closed. Indeed ∂∂ * (ρ ∧ * ϕ) = ∂∂ * s n ω 2 + ρ 0 ∧ ω , where we have written ρ = s n ω + ρ 0 according to the decomposition (2.1). Using lemma 2.1, the closure of ω and the formula * ω 2 = 2 (n − 2)! ω n−2
we have ∂∂ * (ρ ∧ * ϕ) = 2 n(n − 2)! ∂∂s ∧ ω n−2 − 1 (n − 3)! ∂∂ρ 0 ∧ ω .
Moreover, taking into account that ρ is closed, we get ∂∂(ρ 0 ) = −∂∂ s n ω and therefore ∂∂ * (ρ ∧ * ϕ) = 1 (n − 2)! ∂∂s ∧ ω n−2 , as required. Now we can conclude the proof of theorem 1.1 showing that if ω(t) is a solution of (5.2), then the corresponding ϕ(t) solves (1.4). In view of lemma 5.2, ϕ(t) satisfies d dt ϕ = i∂∂ * (ρ ∧ * ϕ) and since ω(t) is closed, we have ∆ BC ϕ = 0 and ϕ(t) in particular satisfies d dt ϕ = i∂∂ * (ρ ∧ * ϕ) + (n − 1)∆ BC ϕ .
Hence ϕ solves (1.4) and the statement follows from the uniqueness of solutions.
The flow on the Iwasawa manifold
In this section we study flow (1.4) in the case of the Iwasawa manifold. The Iwasawa manifold is the compact complex manifold defined as the quotient (see e.g. [1] ). We denote by J the natural complex structure on M induced by H 3 (C) and we set α 1 = dz 1 , α 2 = dz 2 , α 3 = −dz 3 + z 1 dz 2 .
Then {α 1 , α 2 , α 3 } is a global (1, 0)-coframe satisfying the structure equations
It is immediate to verify that every left-invariant Hermitian metric on (M, J) is balanced.
Let us study flow (1.4) with initial condition ω 0 = iα 11 + iα 22 + iα 33 .
(Here we adopt the notation α ijk... = α i ∧ α j ∧ α k ∧ . . . ). Since (1.4) is invariant by biholomorphisms and ω 0 is left-invariant, the solution ω(t) to the flow has to be left-invariant. On the other hand, from [35] it follows that a left-invariant Hermitian metric on a 2-step nilmanifold has always vanishing Ricci form. Therefore in this case the flow (1.4) reduces to ι ω denoting the contraction along ω. We seek for a solution to the flow taking the following diagonal expression ω = ig 1 α 11 + ig 2 α 22 + ig 3 α where g 1 , g 2 , g 3 are real numbers depending smoothly on t. 
